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QUANTITATIVE LIMITING ABSORPTION PRINCIPLE IN
THE SEMICLASSICAL LIMIT
Kiril Datchev
Abstract. We give an elementary proof of Burq’s resolvent bounds for long range
semiclassical Schro¨dinger operators. Globally, the resolvent norm grows exponen-
tially in the inverse semiclassical parameter, and near inﬁnity it grows linearly. We
also weaken the regularity assumptions on the potential.
1 Introduction
Let Δ ≤ 0 be the Laplacian on Rn, n = 2, and let E > 0. Let
P = Ph := −h2Δ + V − E, h > 0, (1.1)
where, using polar coordinates (r, ω) ∈ (0,∞)×Sn−1, we suppose that V = Vh(r, ω)
and its distributional derivative ∂rV are in L∞((0,∞)× Sn−1). Suppose futher that
V ≤ (1 + r)−δ0 , ∂rV ≤ (1 + r)−1−δ0 , (1.2)
for some δ0 > 0. Since V ∈ L∞(Rn), the resolvent (P − iε)−1 is deﬁned L2(Rn) →
H2(Rn) for ε > 0 by the Kato–Rellich theorem. We prove the following weighted
resolvent bounds:
Theorem. For any s > 1/2 there are C,R0, h0 > 0 such that
∥
∥(1 + r)−s(P − iε)−1(1 + r)−s∥∥
L2(Rn)→L2(Rn) ≤ eC/h, (1.3)
∥
∥(1 + r)−s1≥R0(P − iε)−11≥R0(1 + r)−s
∥
∥
L2(Rn)→L2(Rn) ≤ C/h, (1.4)
for all ε > 0, h ∈ (0, h0], where 1≥R0 is the characteristic function of {x ∈ Rn : |x| ≥
R0}.
This Theorem was ﬁrst proved by Burq [Bur98,Bur02], who required V to be
smooth, but allowed it to be a diﬀerential operator on an exterior domain Rn\O, n ≥
1. Diﬀerent proofs were found by Sjo¨strand [Sjo] and Vodev [Vod00]. Cardoso and
Vodev [CV02] gave a version for manifolds with asymptotically conic or hyperbolic
ends, and, most recently, Rodnianski and Tao [RT] considered Schro¨dinger operators
on asymptotically conic manifolds, obtaining also bounds for low energies and other
reﬁnements. Here we consider only operators of the form (1.1), with n = 2, in order
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to stress the elementary nature of the proof and to present the ideas in the simplest
setting; however, the assumption (1.2) is mild, and our method should also give
simpliﬁcations and low regularity results in more general cases.
Our proof is closest in spirit to that of Cardoso and Vodev [CV02] (see also
[Vod13,Vod]). The novelty is a global Carleman estimate of the form
∥
∥
∥(1 + r)−seϕ/hv
∥
∥
∥
2
L2(Rn)
≤ C
h2
∥
∥
∥(1 + r)seϕ/h(P − iε)v
∥
∥
∥
2
L2(Rn)
+
Cε
h
‖eϕ/hv‖2L2(Rn),
with C independent of the support of v, and with ϕ = ϕ(r) nondecreasing and
constant outside of a compact set: see Lemma 2.2. Carleman estimates are crucial
in all the proofs mentioned above, and one nice feature of our approach is that in
this setting the construction of ϕ is relatively simple: see Lemma 2.1.
The h dependence in (1.3) is optimal in general, but improvements hold under
dynamical assumptions on the Hamilton ﬂow Φ(t) = exp t(2ξ∂x − ∂xV (x)∂ξ) on
T ∗Rn. (Note, however, that Φ may be undeﬁned under our regularity assumptions).
See [Wun12] for a recent survey, and [Dya,NZ,Chr] for more recent results in this
active area. For example, if Φ is nontrapping at energy E (e.g. if V ≡ 0), then (1.3)
can be replaced by
∥
∥(1 + r)−s(P − iε)−1(1 + r)−s∥∥
L2(Rn)→L2(Rn) ≤ C/h. (1.5)
In this sense (1.4) says that applying 1≥R0 cutoﬀs removes the loss exhibited by (1.3)
compared to (1.5). It would be interesting to know if some improvement over (1.3)
persists if we remove one of the 1≥R0 factors from (1.4), and if 1≥R0 can be replaced
by a ﬁner cutoﬀ; for some results in this direction, see [DV12a,DV12b,RT,HV].
For example, in [DV12a,DV12b], Vasy and I show that if Φ is ‘mildly’ trapping then
(1.4) holds with 1≥R0 replaced by a microlocal cutoﬀ vanishing only on an arbitrarily
small neighborhood of the trapped set.
In [Vod13,Vod], Vodev studied operators of the form (1.1), satisfying (1.2), but
with V replaced by hνV for some ν > 0; he showed that in that case the bound (1.5)
holds. He also allowed V to contain a magnetic term and a less regular short range
term.
I am grateful to Maciej Zworski for encouraging me to write this note, and for
many very helpful discussions and suggestions. Thanks also to Nicolas Burq for
pointing out a problem with an earlier version of this argument. Thanks ﬁnally to
Georgi Vodev for sharing his preprint [Vod], which gave me the initial idea for the
proof. I am also grateful for the support of a National Science Foundation postdoc-
toral fellowship.
2 Proof of Theorem
We begin with two lemmas; the ﬁrst constructs a nondecreasing Carleman weight
for P which is constant outside of a compact set, and the second uses this weight
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to prove a global Carleman estimate. Without loss of generality, we assume 0 <
2s − 1 < δ0 < 1. Put
δ := 2s − 1 < δ0, w = wδ(r) := 1 − (1 + r)−δ, m := (1 + r2)(1+δ)/4.
Lemma 2.1. If δ > 0 is small enough, there are h0, R0 > 0, and ϕ = ϕ(r) ∈
C∞([0,∞)) with ϕ′ ≥ 0 and suppϕ′ = [0, R0], such that
∂r
(
w(r)(E − Vh(r, ω) + ϕ′(r)2 − hϕ′′(r))
) ≥ Ew′(r)/4, (2.1)
for all h ∈ (0, h0], r > 0, ω ∈ Sn−1.
Lemma 2.2. Let δ, h0, and ϕ = ϕ(r) be as in Lemma 2.1. There is C > 0 such that
∥
∥
∥m−1eϕ/hv
∥
∥
∥
2
L2(Rn)
≤ C
h2
∥
∥
∥meϕ/h(P − iε)v
∥
∥
∥
2
L2(Rn)
+
Cε
h
‖eϕ/hv‖2L2(Rn), (2.2)
for all v ∈ C∞0 (Rn), ε ≥ 0, and h ∈ (0, h0].
Proof (Proof of Lemma 2.1). For B, R, R0 (depending on δ) to be determined later,
put
ψ = ψδ(r) :=
⎧
⎪⎨
⎪⎩
δ−10 , r ≤ R,
B
w(r) − E4 , R < r < R0,
0, r ≥ R0,
We will show that, for δ small enough, there are B, R, R0 which make ψ contin-
uous and
− E/2 ≤ ψ − V − (∂rV − ψ′)w/w′, r > 0, r = R, r = R0. (2.3)
Suppose for a moment that this is done. Fix ρ ∈ C∞0 ((0,∞)) with ρ ≥ 0,
∫
ρ = 1,
and for η > 0, put ρη(r) = ρ(r/η)/η. If η and h0 are suﬃciently small, then we may
take
ϕ(r) :=
r∫
0
ψ˜(t)dt, ψ˜ := ρη ∗
√
ψ.
It remains to ﬁnd B, R, and R0 such that ψ is continuous and satisﬁes (2.3).
Note that, by (1.2) we have
V + (∂rV )w/w′ ≤ Gδ(r) := (1 + r)−δ0 + δ−1(1 − (1 + r)−δ)(1 + r)δ−δ0 ,
and
G′δ(r) = (δ
−1 − 1)δ0(1 + r)−1−δ0 − δ−1(δ0 − δ)(1 + r)−1−δ0+δ.
So, for each δ ∈ (0, δ0), Gδ attains its maximum value at rmax which is given by
(1 + rmax)δ := (1 − δ)/(1 − δ/δ0) = 1 + δ(δ−10 − 1) + O(δ2). (2.4)
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Hence we have, for all r > 0,
Gδ(r) = (1 + r)−δ0
(
1 − δ−1 + δ−1(1 + r)δ)
≤ (1 − δ(δ−10 − 1) + O(δ2)
)δ0/δ
δ−10 (1 + O(δ)).
Since (1−x)1/x ≤ 1/e for x > 0 and since δ0 < 1, this implies, for δ small enough,
Gδ(r) ≤ e−(1−δ0)+O(δ)δ−10 (1 + O(δ)) ≤ δ−10 .
Consequently, regardless of the value of R, we have, for r < R,
ψ − V − (∂rV − ψ′)w/w′ ≥ δ−10 − Gδ(r) ≥ 0, (2.5)
which implies (2.3) for r < R. We will take R > 0 large enough that
r ≥ R =⇒ Gδ(r) ≤ E/4. (2.6)
First let us see that (2.6) implies (2.3) for r > R. Indeed, for r > R0, (2.6) implies
ψ0 − V − (∂rV − ψ′0)w/w′ = −V − (∂rV )w/w′ ≥ −Gδ(r) ≥ −E/4,
while, if R < r < R0, we have ψ0 + ww′ ψ
′
0 = −E/4, and hence (2.6) implies
ψ0 − V − (∂rV − ψ′0)w/w′ ≥ −E/4 − Gδ(r) ≥ −E/2.
Next note that, for any R > 0, ψ is continuous if and only if we take B and R0 such
that
B = (δ−10 + E/4)w(R), w(R0) = 4B/E = (1 + 4δ
−1
0 E
−1)w(R).
Since w takes values strictly between 0 and 1, this is possible if and only if
w(R) < 1/(1 + 4δ−10 E
−1). (2.7)
Consequently, to complete the construction, it suﬃces to show that, if δ is small
enough, then there is R > 0 such that (2.6) and (2.7) hold. Deﬁne R by
(1 + R)δ−δ0 := δE/4,
so that
Gδ(R) ≤ δ−1(1 + R)δ−δ0 = E/4.
Note that, for δ > 0 suﬃciently small we have, by (2.4),
(1 + R)δ = (δE/4)−δ/(δ0−δ) = 1 + δ−10 δ| ln δ| + O(δ) > (1 + rmax)δ.
So G′δ(R) < 0 for r ≥ R, and we have (2.6). Similarly,
w(R) = 1 − (1 + R)−δ = O(δ| ln δ|),
so this choice of R also gives (2.7) for δ > 0 suﬃciently small, as desired. unionsq
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Proof (Proof of Lemma 2.2). Let
Pϕ := eϕ/hr(n−1)/2(P − iε)r−(n−1)/2e−ϕ/h
= −h2∂2r + 2hϕ′∂r + Λ + Vϕ − E − iε,
where
0 ≤ Λ :=
{
0, n = 1,
h2r−2 (−ΔSn−1 + (n − 1)(n − 3)/4) , n ≥ 3,
Vϕ := V − ϕ′2 + hϕ′′.
Let
∫
r,ω denote the integral over (0,∞) × Sn−1 with respect to drdω, where dω
is the usual measure on the unit sphere Sn−1. Then (2.2) is equivalent to
∫
r,ω
w′|u|2 ≤ C
h2
∫
r,ω
|Pϕu|2
w′
+
Cε
h
∫
r,ω
|u|2, u ∈ eϕ/hr(n−1)/2C∞0 (Rn). (2.8)
We may assume ε ≤ h, since w′ ≤ 1 makes (2.8) trivial for ε > h.
We will prove
∫
r,ω
∂r (w(E − Vϕ)) |u|2 ≤ 2
h2
∫
r,ω
|Pϕu|2
w′
+
Cε
h
∫
r,ω
|u|2, (2.9)
which, together with (2.1), implies (2.8). In the spirit of [CV02,RT,Vod13,Vod], put
F (r) := ‖h∂ru(r, ω)‖2S − 〈(Λ + Vϕ(r, ω) − E)u(r, ω), u(r, ω)〉S , r > 0,
where ‖ · ‖S and 〈·, ·〉S are the norm and inner product in L2(Sn−1). Note that
∞∫
0
(w(r)F (r))′dr ≤ − lim
r→0
w(r) lim inf
r→0
F (r) = 0. (2.10)
We use the selfadjointness of Λ+Vϕ −E to compute the derivative of F in terms of
Pϕ:
F ′ = 2Re〈h2u′′, u′〉S − 2Re〈(Λ + Vϕ − E)u, u′〉S + 2r−1〈Λu, u〉S − 〈V ′ϕu, u〉S
= −2Re〈Pϕu, u′〉S + 4hϕ′‖u′‖2S + 2ε Im〈u, u′〉S + 2r−1〈Λu, u〉S − 〈V ′ϕu, u〉S ,
where u′ := ∂ru and V ′ϕ := ∂rVϕ. Consequently
wF ′ + w′F = −2wRe〈Pϕu, u′〉S +
(
4h−1wϕ′ + w′
) ‖hu′‖2S + 2wε Im〈u, u′〉S
+
(
2wr−1 − w′) 〈Λu, u〉S + 〈(w(E − Vϕ))′ u, u〉S .
Using wϕ′ ≥ 0, w′ > 0, Λ ≥ 0, 2wr−1 − w′ > 0, and −2Re〈a, b〉 + ‖b‖2 ≥ −‖a‖2, we
obtain
wF ′ + w′F ≥ − w2h2w′ ‖Pϕu‖2S + 2wε Im〈u, u′〉S + 〈(w(E − Vϕ))′ u, u〉S .
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Combining this with (2.10) and using w ≤ 1 gives
∫
r,ω
(w(E − Vϕ))′ |u|2 ≤ 1h2
∫
r,ω
|Pϕu|2
w′ + 2ε
∫
r,ω
|uu′|. (2.11)
On the other hand, for all γ > 0 there is Cγ such that
∫
r,ω
|hu′|2 = Re ∫
r,ω
u¯(Pϕ − 2hϕ′∂r − Λ − Vϕ + E + iε)u
≤ ∫
r,ω
|Pϕu||u| + 2
∫
r,ω
ϕ′|hu′||u| + ∫
r,ω
|E − Vϕ||u|2
≤ ∫
r,ω
|Pϕu|2 + Cγ
∫
r,ω
|u|2 + γ ∫
r,ω
ϕ′|hu′|2.
Choosing γ = 1/(2maxϕ′) gives
∫
r,ω
|hu′|2 ≤ 2 ∫
r,ω
|Pϕu|2 + C
∫
r,ω
|u|2. (2.12)
Applying 2
∫
r,ω |uu′| ≤ h−1
∫
r,ω |u|2 + h−1
∫
r,ω |hu′|2 to (2.11), and using (2.12) and
ε ≤ h, gives (2.9). unionsq
Proof of Theorem. Put C0 = 2maxϕ. Then, since ϕ(r) = C0 for r ≥ R0, (2.2)
implies
e−C0/h
∥
∥m−11≤R0v
∥
∥2
L2
+
∥
∥m−11≥R0v
∥
∥2
L2
≤ e−C0/h ∥∥m−1eϕ/hv∥∥2
L2
≤ Ch2 ‖m(P − iε)v‖2L2 + C1εh ‖v‖2L2 ,
where we abbreviated L2(Rn) as L2. Then using
2ε‖v‖2L2 = −2 Im〈(P − iε)v, v〉L2 ≤ γ−1 ‖m1≥R0(P − iε)v‖2L2
+γ‖m−11≥R0v‖2L2 + γ−10 ‖m1≤R0(P − iε)v‖2L2 + γ0‖m−11≤R0v‖2L2 ,
with γ = e−2C0/h and γ0 = h/C1 we conclude that, for h suﬃciently small,
e−C/h
∥
∥m−11≤R0v
∥
∥
2
L2
+
∥
∥m−11≥R0v
∥
∥
2
L2
≤ eC/h ‖m1≤R0(P − iε)v‖2L2 +
C
h2
‖m1≥R0(P − iε)v‖2L2 , (2.13)
for all v ∈ C∞0 (Rn). We will deduce from (2.13) that, for any f ∈ L2, we have
e−C/h
∥
∥1≤R0(P − iε)−1m−1f
∥
∥
2
L2
+
∥
∥m−11≥R0(P − iε)−1m−1f
∥
∥
2
L2
≤ eC/h ‖1≤R0f‖2L2 +
C
h2
‖1≥R0f‖2L2 , (2.14)
from which the Theorem follows. For this we need the fact that, for ﬁxed ε, h > 0,
1
Cε,h
‖mv‖H2 ≤ ‖m(P − iε)v‖L2 ≤ Cε,h‖mv‖H2 , mv ∈ H2. (2.15)
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Momentarily assuming (2.15), ﬁx f ∈ L2, so m(P − iε)−1m−1f ∈ H2. Take
vk ∈ C∞0 with
‖mvk − m(P − iε)−1m−1f‖H2 → 0 as k → ∞.
Then in particular ‖m−1vk − m−1(P − iε)−1m−1f‖L2 → 0, and, by (2.15),
‖m(P − iε)vk − f‖L2 ≤ Cε,h‖mvk − m(P − iε)−1m−1f‖H2 → 0 as k → ∞.
Consequently (2.14) follows by applying (2.13) wtih vk in place of v, and letting
k → ∞.
It remains to prove (2.15). Below, a  b means a ≤ Cb with C depending on ε
and h (but not v). By the Kato–Rellich Theorem, (P − iε)−1 is bounded L2 → H2,
so
‖mv‖H2  ‖(P − iε)mv‖L2  ‖mv‖H2 , (2.16)
for all v with mv ∈ H2. Meanwhile, [P,m] = −2h2m′∂r − h2m′′ − h2(n − 1)m′/r is
bounded H2 → L2, allowing us to deduce the second of (2.15) from the second of
(2.16):
‖m(P − iε)v‖L2  ‖mv‖H2 + ‖[P,m]v‖L2  ‖mv‖H2 .
Similarly we deduce the ﬁrst of (2.15) from the ﬁrst of (2.16):
‖mv‖H2  ‖m(P − iε)v‖L2 + ‖[P,m]v‖L2  ‖m(P − iε)v‖L2 . unionsq
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